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Confinement Properties in the Multi-Instanton System 
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We investigate the confinement properties in the multi-instanton system, where the size distribution is assumed 
to be p~ 5 for the large instanton size p. We find that the instanton vacuum gives the area law behavior of the 
Wilson loop, which indicates existence of the linear confining potential. In the multi-instanton system, the string 
tension increases monotonously with the instanton density, and takes the standard value a ~ lGeV/fm for the 
density (N/V)^ = 200MeV. Thus, instantons directly relate to color confinement properties. 
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1. Topological Objects in QCD Vacuum 

In the QCD vacuum, there are two non-trivial 
topological objects, instantons and monopolcs, 
which belong different sectors of physics. It is 
believed that these objects are independently im- 
portant for understanding the non-perturbative 
properties. An instanton appears as a classi- 
cal and non-trivial solution in the Yang-Mills 
theory corresponding to the homotopy group, 
iT3(SU(N c )) = Zoo |§) • Instantons are impor- 
tant for the phenomena related to the Ua(1) 
anomaly and chiral symmetry breaking 0||. On 
the other hand, QCD is reduced to an abelian 
gauge theory with QCD-monopoles after per- 
forming the abelian gauge fixing QCD- 
monopoles appear as the topological defects cor- 
responding to the nontrivial homotopy group 
^(SUiN^/Uil)^- 1 ) = Zg*- 1 . Condensation 
of monopoles plays an essential role on color con- 
finement and chiral symmetry breaking @-|0. 

Until now, there has been no evidence that 
the instanton has anything to do with color con- 
finement. However, recent studies sug- 
gest that instantons directly relate to monopoles, 
whose condensation provides an interpretation of 
the confinement mechanism. In this paper, we 
study the further relation between instantons and 
the confinement properties. 
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2. Correlation between 

Instantons and Monopoles 

Recently, it has been found that there ex- 
ists a strong correlation between instantons and 
monopoles in the abelian projected theory of 
QCD, both in the analytical and lattice frame- 
works [fr|- ||i4| . I n the maximally abelian gauge, a 
monopole trajectory seems to be localized around 
the center of an instanton fl^,|l3| . We studied the 
multi-instanton system in terms of monopole con- 
densation numerically jl5],[l6). When the instan- 
ton density is high and instantons overlap each 
other, there appears an very long and highly com- 
plicated monopole trajectory. This monopole tra- 
jectory covers the entire physical volume R 4 in 
the multi-instanton system. p!B| , ^6[ . In the lat- 
tice QCD simulation, the large monopole cluster- 
ing is observed in the confinement phase, which 
includes many instantons and anti-instantons as 
the topological excitation p^| . Thus, such long 
and complicated monopole trajectory is a signal 
of monopole condensation, which is responsible 
for color confinement. 

Therefore, instantons would play a relevant 
role on the confinement mechanism via the pro- 
motion of monopole condensation. In order to 
clarify the relation of instantons with color con- 
finement, we study the multi-instanton system, 
which is regarded to hold the essence of the non- 



perturbative QCD vacuum. 

3. Multi-instanton Configuration 

The gauge configuration of an instanton with 
the size p and the center z in the singular gauge 
is expressed as 

,J, lT a p 2 O a %„(x-z)„ 
A^X, Z, p, U) - ^ _ z ^ _ ^ 2 + ^ , 



(1) 



where O ab denotes the SU(2) color orientation 
matrix and fft v the 't Hooft symbol. The anti- 
instantons configuration A 1 ^ is obtained by replac- 
ing % v with t^ v . 

The multi-instanton ensemble is characterized 
by the size distribution, the randomness of the 
color orientation and the density of instantons 
fl5|Jl6|l . The size distribution has to follow the 



one loop result, f(p) 



Jb-5 



with b = lliVc/3, 



in the ultra-violet region. For the large size, the 
ordinary instanton liquid models suggest that the 
size distribution behaves as f(p) ~ \/p 5 due to 
the infrared repulsive force Therefore, we as- 
sume the size distribution as 
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(2) 



\pi I ' \ p i 

with size parameters p\ and p2 , which should sat- 
isfy the normalization condition, L dpf(p) = 1. 
The maximum of the distribution is fixed to the 
standard probable size po — 0.4fm. In this cal- 
culation, we take v = 5 for the behavior of the 
size distribution on large instantons, although we 
are planning to investigate how the long-range 
physics depend on the infrared behavior of the 
size distribution. 

The multi-instanton configurations are approx- 
imated as the sum of instanton and anti- instanton 
solutions, 



^A^(x;z k ,p k ,O k ) 
k 



^2 A l( x 'i z k:Pk,0- k ). (3) 



We generate the ensemble of pseudoparticles with 
random color orientations O k and random centers 
z k . The instanton sizes p k are randomly taken ac- 
cording to Eq.(j^). In spite of simple sum ansatz 
for multi-instanton system, the interaction among 



these pseudoparticles would be included effectively 
in the instanton size distribution. 

Above procedures are performed in the contin- 
uum theory. Here, we introduce a lattice on this 
gauge configuration and define the link variables, 
Ufj,(s) = exp(iaA fl (s)) . The string tension is esti- 
mated from the SU(2) Wilson loop, 

W[C] = trPexp[i I A^dx^ = trJJ U^s), (4) 
Jc c 

also in the multi-instanton system. In order to 
smooth out the ultra-violet noise, we will use the 
smeared link variable, 



U, 



; (5) 



II u?+ Ms)U„( s + "Mi 8 + A) 

u^±p 

instead of U „ in the actual calculation, although 
such replacement never changes the string tension 
expect for reduction of the error bar. 

4. Results and Concluding Remarks 

We take the standard instanton density 
(N/V)i = lfm -1 = 200MeV §,§ with the 
equal numbers of instantons and anti- instantons; 
Aj = Nj = A/2. We adopt the lattice with the 
total volume V — (3.0fm) 4 , and take the different 
lattice spacing a = 0.150fm and a = 0.125fm on 
the 20 4 and 24 4 lattices, respectively. 

Fig.l shows the Wilson loop behavior in the 
multi-instanton system. In the long-range region, 
the Wilson loop obeys the area law, which in- 
dicates existence of the linear confining poten- 
tial. As shown in Fig. 2, the static quark potential 
V(R) increases in the infrared region, and is ap- 
proximately proportional to the inter-quark dis- 
tance R. It is remarkable that the string tension is 
obtained as a ~ lGeV/fm in this multi-instanton 
system, which agrees with the standard value. 

By comparing the two different lattice spacing 
cases, above results are expected to hold in con- 
tinuum limit. Further analyses show that small 
instantons do not contribute the linear confining 
potential and large instantons play an essential 
role on the long-range physics. 
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Fig.l: The Wilson loop 
\nW[R,T] vs. area R x T in 
the multi-instanton system. 
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Fig. 2: The static quark po- 
tential in the multi-instanton 
system. 
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Fig. 3: The static quark po- 
tential for various instanton 
densities. 



Finally, Fig. 3 shows the static potential be- 
haviors for various instanton densities. We take 
the four cases with (N/Vft = 125, 150, 175 
and 200MeV, and use the 20 4 lattice with a = 

0. 150fm. As the instanton density becomes 
lower, the slope of the potential tends to decrease 
monotonously. This tendency indicates that the 
string tension depends on the instanton density 
directly. Therefore, the disappearance of instan- 
tons near the critical temperature would be im- 
portant for the deconfinement phase transition. 

In conclusion, the main feature of the non- 
perturbative QCD vacuum would be character- 
ized by instantons and anti-instantons, which 
cause the color randomness and provide monopole 
condensation |lf|[l(|. We have studied that the 
confinement properties in the multi-instanton sys- 
tem by using the numerical analyses of the Wil- 
son loop. In the infrared region, the static quark 
potential is found to be proportional to the inter- 
quark distance, V(R) ~ aR. For the standard in- 
stanton density (N/V)i = 200MeV, we have ob- 
tained a ~ lGeV/fm in the multi-instanton sys- 
tem. Our numerical study suggests that instan- 
tons play an substantial role not only monopole 
condensation but also the confinement properties 
directly. 
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